Abstract. Based on recent work of Spaltenstein [14] and the Deligne-Lusztig theory of irreducible characters of finite groups of Lie type, in this paper the character table of the finite simple groups iD4(q) is given. As an application we obtain a classification of the irreducible characters of iDi(q) into r-blocks for all primes r > 0. This enables us to verify Brauer's height zero conjecture, his conjecture on the bound of irreducible characters belonging to a give block, and the Alperin-McKay conjecture for the simple triality groups }D4(q). It also follows that for every prime r there are blocks of defect zero in }Di(q).
Ga-conjugacy) maximal tori 7), 0 < /' < 6, in Proposition 1.2. It follows that Cc(t) has at most three unipotent irreducible characters, namely the trivial 1, the Steinberg character St or a unipotent character of degree either qs = q(q + 1) or qs' = q(q -1). If t # 1 is regular, we write x, instead of x,,i, in all other cases xr,i> X/,st> X>1<?i> Xi.qs-or X/.stst-A complete classification of the irreducible characters of Ga with their degrees is given in Table 4 . 4 .
On the set of conjugacy classes of semisimple elements t of Ga one can define an equivalence relation as follows. Two such conjugacy classes ip» and ip» are equivalent if and only if their centralizers Cc(i,) and Cc(t2) are G0-conjugate. If q is odd, there are 15 equivalence classes with representatives s¡, 1 < / < 15, where s^ = 1 and s2 # 1 is the unique conjugacy class of involutions of G". If q is even, the equivalence class of s2 does not exist, and we have only 14 equivalence classes. Using the first author's work on the Brauer complex [5] of Gg and the computer, we obtain in Table 4 .4 the numbers of semisimple conjugacy classes of Ga belonging to a given equivalence class [s¡], 1 < ; < 15. Applying then Proposition 2.2 and Spaltenstein's characterization of the unipotent conjugacy classes of Ga [14] , we can give in Proposition 2.3 a complete classification of all conjugacy classes of G0. In particular, we show that the number k(Ga) of all conjugacy classes of Ga is k(G") = q4 + q3 + q2 + q + 5, if2|<7, and k(Ga) = q4 + q3 + q2 + q + 6, if 2 \ q.
By means of these results we determine in §5 the distribution of the irreducible characters of Ga into r-blocks, where r is a prime number dividing the group order \Ga\. If r = p, then by Humphrey's theorem [10] G" has only the principal p-block B0 and a block B of defect zero consisting of the irreducible Steinberg character. For r ¥= p Theorem 5.9 asserts that each /--block B with defect group D determines, up to G0-conjugacy, a unique semisimple /-'-element s of G" such that an irreducible character x,," of G" belongs to B if and only if i is G"-conjugate to sy for some V G D, and xu is an irreducible unipotent character of CG(sy) such that syxu belongs to an /--block B of Cc(sy) with defect group D satisfying B = BG. This result can be considered to be an analogue of the Fong-Srinivasan characterization [8] of the /--blocks of the general linear and unitary groups.
In Corollary 5.11 we show that for all primes r > 0 and all /--blocks B of G" with defect group 8(B) = GD the number of all irreducible characters of G" belonging to B is bounded by k(B) < \D\. This verifies a well-known conjecture of R. Brauer, see [7] , in the case of the simple triality groups. He also conjectured that an /--block B of a finite group G has only irreducible characters of height zero if and only if its defect group 8(B) = CD is abelian. In case G = G0 this is shown for all primes r in Corollary 5.10. Another application of Table 4 .4 yields that in G0 there are /--blocks B of defect zero for every prime r > 0; see Corollary 5.1.
Concerning the notation and terminology we refer to the books by Carter [2] , Deriziotis [4] , Feit [7] , and Lusztig [11] .
1. Notations and known results on 3D4 (q) . Let G be a simple simply connected algebraic group of Dynkin diagram type D4 over the algebraic closure K of the prime field GF(/>) = Fp, p > 0. Let q = pm for some positive integer m, and let GF(<7) = F^ be the field with q elements. F* denotes the multiplicative group of every field F. Let T be a maximal torus of G, 0 the set of roots of G relative to T, X = Hom(7\ K*)-the group of rational characters of T, Y = Uom(K*,T)-the License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use group of one-parameter subgroups of T. On the real vector space V = Y ® R we have a Killing form ( , ) which is transferred to an inner product ( , ) on the dual space F * of K which can canonically be identified with the real vector space X ® R. If r is a root in 0, the coroot of G associated to r is defined to be the element hr of Y such that (hr,h) = 2r(h)/(r,r), for all h G Y. In V there is an orthonormal basis {e,, e2, e3, e4} such that the coroots in Y are the vectors ±e, ± e,, 1 < i, j < 4. We fix the fundamental basis A = {rl5 r2, r3, r4) in $ for which the associated coroots are h1 = el -e2, h2 = e2 -e3, h3 = e3 -e4, and h4 = e3 + e4, respectively. Let t be the symmetry of the Dynkin diagram D4 of G with nodes hx, h2, h3, and A4 such that t: Aj -» h3 -* h4^> hx and r(h2) = h2. Then t induces an isometry on V which again is denoted by t. The triality automorphism a = rq of G is induced by t times the field automorphism z -» z' of /C The simple group 3D4(q) = Ga = {g G G|a(g) = g} is called the Steinberg-Tits triality. Its order \Ga\ = 912(98 + q4 + l)(qb -l)(q2 -1).
The torus T is a-stable. The restriction of a = qj onto T induces a linear transformation of V, again denoted by a.
Let h: Hom(X, K*) -> T be defined as follows. For every x G Hom(X,K*), h(x) = t G T, where x(^) = A(i) for all X g X Then h is an isomorphism.
Let A,, A2, A3, and A4 be the fundamental weights in X. Each element h(x) g 7 can uniquely be written as A(x)-n*(x*,."), where Xa,,z(a) = zMh,) for /-g $, z g A'*, and where x(^,) = z, for 1 < i < 4. Let W be the Weyl group generated by all reflections wr at the hyperplanes of V orthogonal to the coroots hr, r g $. Then a acts on W by o(u') = awo'1 = twt"1. In particular, o(wr) = wT(r). IF acts also on 7 by wh(x), where ( wx )( A ) = x(w_1(A)) for all A g X. Furthermore, wi±j denotes the reflection at the hyperplane of V orthogonal to the coroot £, + t}.
Let r0 be the highest root of 0, and Â = AU{-r0).
Let J be an arbitrary r-invariant proper subset of Ä, and W the Weyl group of the torus T. The normalizer of J in W is denoted by Í2,. It is a a-stable subgroup of W. Two elements wx, w2 G S2y are called a-équivalent if Wj = ww2o(w~x) for some w g ay. The a-equivalence class of w g ay is denoted by [w] , and //'(a^y)
is the set of all a-equivalence classes [w] of Í2,. The possibilities of J and ß, are given in Table 1 .0, up to IF-conjugacy. Table 1 Let ^j be the collection of all a-stable G-conjugates of Cc(x) where x is a semisimple element of G with r(x) = 1 for all re/, Then the group Ga acts on #y by conjugation. If 7 = 0 is the empty set, then Q0 = W, and x is a regular element of Ga. There is a one-to-one correspondence between the G0-orbits of a-stable maximal tori of G and the classes of Hl(a, W), see [1, p. 186] . It is known for the triality Ga =3D4(q) that \Hl(a, W)\ = 7; cf. [14] .
Let T be a a-stable maximal torus of G, with Weyl group W = NC(T)/T. If 7" is a a-stable maximal torus of G, then there is a unique class [w.] g rY^a, IF) with je {0,1,..., 6} such that T'" is G-conjugate to 77. = T 0 = {i g r | H>ya(í) = i}.
In particular, the element h(x) -nf=1 h(x>,, z,) g T belongs to T¡ if and only if 2. Structure of the centralizers of the semisimple elements and the determination of the conjugacy classes. For each i'e {0,1,..., 5} let E¡ denote the Dynkin diagram type of the root system 4>y generated by J¡. Let #y be the collection of all a-stable G-conjugates of Cc(x), where x is an element of the maximal torus T of G. By
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,</--<;+! # f2, i*""'/4 ' =¡t = /f+1 = 1,/f* 1 *r2,r, *t, Let x g G0 be semisimple contained in the maximal torus T of G. By Proposition 2.3.2 of [4] there is a proper subset J of A such that CG(x) is generated by T and the root subgroups Xr, r G J.
Let M = {Xr\ re/} and let 5 be the connected component of the center of CG(x). Then M is semisimple, S is a torus, Cc(x) = MS and M n S is finite. Moreover, the order \CG¿x)\ = \M0\-\S"\.
Furthermore,
Mou denotes the subgroup of Ma generated by all its unipotent elements. Certainly Mau is a characteristic subgroup of Cc(x). Proof. In Table 7 3. G0 has q3 + q2 + q and q3 + q2 + q -2 mixed conjugacy classes with representatives s¡ • u¡ = Uj ■ s¡ for odd and even q, respectively, where s¡ ¥= 1 is a representative of a nonregular semisimple and Uj # 1 is a representative of a unipotent conjugacy class of G". These mixed conjugacy classes are given in Table 2 
3. Deiigne-Lusztig characters. In this section we determine the values of the Deligne-Lusztig characters of G" =3D4 (q) . Concerning the definition and the main properties of these class functions we refer to Carter [2] and Lusztig [11] .
Let T0 be a maximally split torus of the connected reductive group G, X its character group, and V = X ® R. Then a = qj acts on V. The relative rank rel rank G of G is the number of eigenvalues of a on F which are equal to q; see Carter [2] .
Definition. ec = (_i)««i»nko< By Corollary 6.5.7 of [2] , ec = eT = 1 in our case Ga =3D4(q).
Lemma 3.1. Let s # 1 be a semisimple element of G0 = 3D4 (q) . Then its centralizer CG(s) has sign ec ,s) which is given by Proof. This follows easily from Proposition 2.2 and Corollary 6.5.7 of [2] . Let í bea semisimple element and T a maximal torus of G". Then as in group theory we write s gc T, if sg g T for some g g G0. In the following, C(s) denotes the centralizer CG (s). If 0 is a linear character of T, then RT e is the corresponding Deligne-Lusztig character of G". For any unipotent element u g G0 the Green function Qt-has value ör(M) = Rt,i(u)-^ i* is necessary to indicate the ambient group we also write Qj(u) and Rjq.
For the sake of completeness the following subsidiary result is given. T. Proof. Every Green function QT is a linear combination of the unipotent characters of C(s). Using then the character tables of SY2(q), SY3(q), SU3(q) of [6 and 13] it is easy to compute the gi/en values of QT(u), because Proposition 2.2 gives the group structure of C(s).
With the notation of Propositions 1.2 and 2.1 we state the following result.
Lemma 3.4. Let q + 2 and s be a semisimple element. Then for 0 < j < 6, the centralizer Cw(s) of s in the Weyl group Wj is as given in Table 3 In the following subsidiary result H XI Í/ denotes the semidirect product of the normal subgroup H with the subgroup U of the finite group X. Lemma 3.5. Let q = 2. Lei s be a semisimple element and W¡ = NG (T)/T, 0 < j < 6. 77)e« iAe centralizer Cw(s) of s in W¡ is as given in Table 3 .5. 
Proof. Since no root vanishes on the tori Tx, T3, T4, T5, and T6 the proof of Lemma 3.4 remains valid for these cases by Veldkamp's theorem [15] . By Proposition 2.2 H = CG(T0) = SL3(2) X Z7. Propositions 1.2 and 2.1 imply that NC(T0)/H -Z2. Thus NGfT0) = SL3(2) Xi Z2. The remaining cases are proved similarly.
In order to give the values of the Deligne-Lusztig characters RTQ we introduce the following Notation. For a a-stable maximal torus T of G we fix an isomorphism TB -fa = Hom(r",C*).
The linear character of Ta corresponding to s g Ta under this isomorphism will be denoted by s.
Let Tj be a maximal torus of Ga, 0 < j < 6, and s¡ g 7} be a representative of a semisimple conjugacy class of G", where i G {2,3,..., 15}. 00 o where W-is the Weyl group of T. \CwjU)\ *"^Wj I f,(sw), 4 . The irreducible characters. By Spaltenstein's paper [14] the character values of the unipotent irreducible characters of the triality groups 3D4(q) are known. In this section we determine the remaining irreducible characters of G" by means of the Deligne-Lusztig theory; see Lusztig's book [11] .
G" is isomorphic to the fixed points G*» of the triality endomorphism a* of the adjoint group G* of type D4, which is dual to G; see [2, p. 112] . As G* has a connected center, Lusztig has shown in [11] that there is a bijective map x ~* (x.<i X») between the irreducible characters x °f Ga and pairs (Xs>X«)> where x5 is a semisimple character of G" and \u is a unipotent character of the centralizer C(s) of a semisimple element s g G. Furthermore, this bijection satisfies the following conditions: We keep Spaltenstein's [14] notation of the unipotent irreducible characters of G0. Their values are given in [14] .
Therefore the following result and the table of the Deligne-Lusztig characters complete the character table of G0. Table  3 . 6 , the values of the nonunipotent irreducible characters x of Ga are determined as follows. (f) X7.1 = -1(^1,7 + R6.i)
(h) X9.1 = "H«6,9 + 3*2,9 + 2/?4,9)
X9.S. = Kä6,9-3ä2i9 + 2ä4i9)
X9,<75' = -3(Ä6,9 ~ R4.9) (i) XlO.l =-H*2.10 + *6,lo)
XlO.St = -2(*2,10 _ «6,10.)
Proof. Let C(s2) be the centralizer of the unique involution s2 + 1 in case q is odd. Its commutator subgroup C(s2)' = SL2(773)*SL2(t3) by Proposition 2.2. Since the central involution j2 0I C(s2) is in the kernel of each unipotent irreducible character of C(s2)' the Green functions of C(s2) are given by
By Lemma 3.1 eC(Ji) = 1. Therefore we obtain from (4.2) the equations 
Using properties of the Brauer complex of G in [5] the first author introduced a method for finding the polynomial FwJ(X) for fixed w g Üj and J¡. As an example we employ this method for the computation of Fx 0(X), i.e., w = 1 g ñy = W. Thus interpolation yields that Fl0(X) = q4 -Aq3 + 2q2 -2q + 15.
As |Z0(1)| = |Z,5(1)| = [Wa\ =' 12, it follows that
which is the number of regular conjugacy classes of Ga intersecting T0 nontrivally. For even q, we interpolate at q = 2,4,8,16 and 32. Then the same method applies here as in all other remaining cases.
5. The blocks of irreducible characters. Let r > 0 be a prime number. In this section we determine the distribution of the irreducible characters x,," of G" = 3D4(q) into /--blocks. As an application we then obtain the validity of R. Brauer's height zero conjecture, his conjecture on the number of irreducible characters in a block, and the Alperin-McKay conjecture for this class of simple groups.
Let R be a complete discrete rank one valuation ring with maximal ideal max(Ä) = wR, residue class field F = R/ttR of characteristic r > 0, and quotient field S = quot( R ) of characteristic 0 such that S and F are splitting fields for the finite group G. The block ideals of the r-block B of G in the group algebras FG, RG Proposition 5.3. Let q be odd, and let 2" be the highest power of 2 dividing q -1 or q + 1 if q = 1(4) or q = 3(4), respectively. Let Q be a Sylow 2-subgroup of SY2 (q) contained in a Sylow 2-subgroup P of G", and let Z be a cyclic 2-subgroup of Q of order \Z\ = 2a. Then P contains an involution x such that S = {Q,x} is a semi- and IF(7) = NG(J)/T. As i' = wiw'1 g 7 is an /-'-element for each w g IF (7), y(t') = 1 for each y g D, because D is a Sylow r-subgroup of 7. Therefore
|CV<7-)(0 | ivs»-(r)
Hence RG~(x) = RGJ(x). Table 4 .4. Thus we may assume also that q =£ 2. Let e be the smallest integer such that r \ qe -I. Then e g {1,2,3,6,12}. because re {T0, T3, T4, T6}, and therefore eC(x)eC(/) = 1, by Proposition 2.2. Since the right-hand side is independent of the unipotent irreducible character x" of C(t), it follows that x, " and x,," belong to the same r-block B of G", whenever \u and X"2 are two unipotent irreducible characters of C(t). Furthermore, jVt;(x) = JVT¡(x), because RT¡ = RT7^ and RT¡ agree on all r'-elements x g T. Now Since the order of the Sylow 3-subgroup P divides the degree of 3D4[-1], this unipotent irreducible character belongs to a 3-block of G" with defect zero. Hence all other 3-blocks of G" with positive defect are not unipotent. For every fixed G0-conjugacy class yG° of G" meeting D let syG = {xiV,u}> where Xu runs through all the unipotent irreducible characters of C, = CG (sy). Let yx = 1, y2,...,yt be representatives of these conjugacy classes of 3-elements. As no y¡ is conjugate to the involution s2 it follows from Proposition 2.2 that Cv -CG(syi) = CG (_y,) for / = 2,3,..., i provided sy, is of type j4 or ss and s + 1 or j = 1 and y¡ is of type S3, s4, or s5. In particular, the irreducible characters sy¡xu of Cv belong to This completes the proof of (e) in the case r = 3 and 31 q -1. If 31 q + 1, then s3, s4, and s5 are replaced by the representatives i7, s9, and s10, respectively. Furthermore, it follows from Theorem 4.3 and Table So we may assume that r = 2, and q is odd. With the notation of Proposition 5.3 it follows that D is one of the 2-groups P, S*Z, or S, where P is a Sylow 2-subgroup of G", S is a semidihedral group of order |,S| = 2"+2 and Z is a cyclic group of order |Z| = 2". Furthermore, by Propositions 1.2, 2.1, and 5.3 we may assume that q = 1 mod 4, because the case q = 3 mod 4 follows similarly.
Suppose that D is a semidihedral group of order \D\ = 2" + 2, where 2" is the highest power of 2 dividing q -1. As D is a defect group of the 2-block B, Theorem 3.15 of [12] Table 4 .4 assert that each element sy' of Tx is regular.
Thus each irreducible character xsy', 1 < /' < 2" -1, of 5 has height 1 by Table 4.4. As q = I mod 4 the Sylow 2-subgroup of the maximal torus T6 of G" is a Klein four group by Proposition 1.2. Applying again Table 4 .4 and Proposition 2.1, we see that there is a y g D such that sy is a regular element of T6. Hence xsv is an irreducible character of B with height v = 2". Therefore we have found all irreducible characters of B. Replacing Tx and s7 by T2 and sx0, respectively, the remaining case is proved similarly. Hence all assertions (a)-(e) hold for blocks B of G" with a semidihedral defect group D, because the same arguments hold in the case q = 3 mod 4.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Suppose that D -S * Z, where S is a semidihedral group of order |S| = 2a + 2 and Z is a cyclic group of order \Z\ = 2". Let q = I mod4. By Theorem 9.2 of [7, p. 231], there is a central element 1 # x G D and a 2-block bx of Cx = CG(x) such that B = bx° and D is a defect group of bx. Again by proof of Proposition 5.3 we may assume that x is either of type s3 or s5. In both cases it follows that C, contains a maximal torus T0 = Zi.j X Zq_x such that C = DCG(D) > 7J,. Let x be of type s3, and let ft be a root of B and therefore of bx in C. Then there exists up to G"-conjugacy a unique element s G T0 of odd order dividing ¿7-1 and of type s3 such that the linear character î of T0 is the canonical character of B. Applying again Lemma 5.5, Theorem 4.3, and the proof of Proposition 5.8(d) it follows that each irreducible character xsy,u °f G" with y G D belongs to B. Using now Proposition 2.2 and Theorem 68.4 of [6] as in the case r = 3 it follows that we have found all irreducible characters of B. The remaining cases x -Gs5 and «7 = 3 mod4 are dealt with similarly.
By Proposition 5.3 only the principal 2-block B0 of Ga has a Sylow 2-subgroup P as a defect group. Furthermore, the above argument shows that each irreducible character xY,u Wlth y G « belongs to B0. Therefore all unipotent irreducible characters of G" are contained in B0. This completes the proof of Theorem 5.9.
As a first application of Theorem 5.9 we verify Brauer's height zero conjecture in the case of the simple triality groups G" = 3D4(q). Table 4 .4 imply that all irreducible characters of B have height zero. Suppose that D is not abelian. Then r g {2,3} by Lemma 5.2. By Theorem 5.9(a) and (b) C = DCGfD) contains a maximal torus T of G" such that there is up to G"-conjugacy a unique r'-element í g T which corresponds to the canonical character of B. In the proof of Theorem 5.9(e) we have shown that for every y g D which is not GD-conjugate to a central element of D the irreducible characters xJV "of 5 have positive height. This completes the proof.
Brauer's conjecture on the number k(B) of irreducible characters of an r-block B of G" follows also. where s9 denotes a representative of order 3. As q = 2 it follows from Proposition 1.2, Lemma 3.5, and Theorem 5.9 that H = NGfD) = NGfT6). Therefore H = U3 (2) by Proposition 2.2. Let b0 be the principal 3-block of H. Using the character table of Simpson and Frame [1] it follows that lrr°(b0) = {1,11,12,2,22,8,81,82}, where the irreducible characters of H with height zero are denoted by their degrees. As Bx = b0 by Brauer's third main theorem, we obtain that k0(B) = 9 = k0(Bx). Thus we may assume that q > 2. Hence either 3|g-lor3|<7+l. Let 31 q -1. Since the number of 3-blocks with highest defect equals the number of 3-regular conjugacy classes with highest defect, it follows from Table 4 They also thank J. C. Jantzen for information about his student Schewe's work on the block distribution of the unipotent irreducible characters of the finite exceptional simple groups into r-blocks. In our case G" =3D4(q) these results are consequences of Spaltenstein's paper [14] .
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